Equivalence of modified gravity equation to the Clausius relation 
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We explicitly show that the equations of motion for modified gravity theories of F(i?)-gravity, the 
scalar-Gauss-Bonnet gravity, -F(C/)-gravity and the non-local gravity are equivalent to the Clausius 
relation in thermodynamics. In addition, we discuss the relation between the expression of the 
entropy and the contribution from the modified gravity as well as the matter to the definition of the 
energy fiux (heat). 
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The discovery of blacl-c hole (BH) entropy by Beken- 
stein [H and the first law of BH thermodynamics [2| with 
a Hawking temperature implies the fundamental con- 
nection between gravitation and thermodynamics. Ja- 
cobson has shown that the Einstein equation can be de- 
rived from the Clausius relation, 5S = 5Q/T , in thermo- 
dynamics Here, S is the entropy, Q is the heat, and T 
is the temperature. In his formulation, 5Q is interpreted 
as the energy fiux through the local Rindler horizon 71 
at a free-falling local observer pq: 

SQ^ f T^ux''dJ:\ (1) 

and T could be the Unruh temperature 

(2) 



k 

T = Tr- 



In Eq. Ill , is an approximate local boost Killing field 
future directed to the past of po, is the contribution 
to the energy-momentum tensor from all ordinary mat- 
ters, and the integration is over a pencil of generators of 
Hatpo, and dS'' is given by dS^ = K^^dXdA, where dA is 
the cross section area element of TL and K^^ is an approx- 
imate Killing field generating boost at po and vanishing 
at po, which is taken as the future pointing to the inside 
past of po- In Eq. ([2]), fc is the acceleration of the Killing 
orbit on which the norm of is unity if K is a tan- 
gent vector to the generators of H. with an affine param- 
eter A (A = at po)- The formulation was extended to 
F(i?)-gravity @,[3| (for a review of F{R) and other mod- 
ified gravity theories, see and to the more general 
extended gravity theory jg| (see also related discussions 
in The first generalization of the relation between 

the gravitational field equations and thermodynamics to 
Lanczos-Lovelock gravity has been executed in [ill, 
(see also a recent related work in Moreover, the 

entropy functional approach for Lanczos-Lovelock gravity 



has extensively been discussed in [lj|. This entropy func- 
tional approach is the same (except for a four-divergence) 
as the one used in [l3| and its connection with diffeo- 
morphism invariance has been noted in [l3|, in which it 
has been stated that in principle, all diffeomorphism in- 
variant theories have an entropic derivation, provided one 
is willing to accept a particular expression as entropy. 

I n Bl and j§| , the definition of the entropy S was used 
as [13: 



with 



5" = 

T 



on 



SI 



(3) 



(4) 



where / is the action, the integration in Eq. ([3]) is over 
the surface enclosing the volume H, e^^ is a 2-dimensional 
volume form, and e^"^ is given by e^" ~ W^^x" = e^'^/e 
with x" — x" Ik and the area element e of the cross sec- 
tion of the horizon. Consequently, in the following 
formula has been obtained:^ 

T''" = 2 [-2V pS^""'P + S^'p^" R^^!;] + g'"'<i> . (5) 

Here, $ is determined by the conservation law or Bianchi 
identity. As a result, the equivalence between the equa- 
tions of motion and the fundamental thermodynamic re- 
lation for the generalized theories of gravity has been 
demonstrated in 



^ The sign of the first term in the right-hand side (r.h.s.) is dif- 
ferent from that in Q, which comes from the difference of the 
definition of the Riemann tensor. In the present paper, we define 
the curvatures as, 



R = g'^-'R^. 



Ru 



: R: 



*Also at Tomsk State Pedagogical University. 



2 



In the present paper, we study modified gravity theo- 
ries, in particular (i) _F(i?)-gravity^, (ii) the scalar-Gauss- 
Bonnet Kravitv inspired by (super)string theories, (iii) 
i^(5)-gravity [19|| and (iv) the non-local gravity, where 
g = - ARf.^Rt"' + R^upcR^^P" is the Gauss-Bonnet 
invariant (i?, R^v and R^vpa are the scalar curvature, the 
Ricci tensor and the Riemann tensor, respectively) and 
F{Q) is an appropriate function in terms of Q, and explic- 
itly show that the equations of motion for these theories 
are equivalent to the Clausius relation in thermodynam- 
ics by applying the formula in Eq. Extended (or 
modified) gravity theories are frequently studied in the 
context of effective gravity theories of string theories and 
supergravity. In addition, these theories have the capa- 
bility to explain the current accelerated expansion of the 
universe alternative to the ACDM cosmology as well as 
infiation in the early universe. 

In Eq. ([1]), the energy fiux 5Q is expressed by using 
the energy-momentum tensor, T^;^, of all ordinary mat- 
ters. The entropy S is defined by Eq. ^ with Eq. (g]) for 
a gravity theory. 5Q is related to S through the Clau- 
sius relation 5S = 5Q/T. By applying Eqs. ^ and ([3]) 
to the Clausius relation, Eq. ^ can be derived. Hence, 
Eq. ([U corresponds to the equation of motion for the 
gravity theory, which relates the matter and gravity. For 
the above four extended gravity theories, we derive the 
explicit expressions of V^VpS'^'"^'', S'^p^'^R^^!; and $, 
which are components on the r.h.s. of Eq. ((5|, to clearly 
illustrate the equations of motion from the Clausius rela- 
tion in thermodynamics. Our investigation is the appli- 
cation of the Jacobson's proposal to derive the Einstein 
equation as a thermodynamic equation of state in gen- 
eral relativity to modified gravity theories. We use units 
of /cb = c = /i = 1 and denote the gravitational con- 
stant SttG by = 87r/A/pi^ with the Planck mass of 
Mpi = = 1.2 X lO^^GeV. 

A general form of the action describing modified grav- 
ity theories (in the below context) is given by 



2k2 



(6) 



where g is the determinant of the metric tensor 
'Cmattcr IS the matter Lagrangian, is a scalar field, 
X = - {l/2)gi"'Vp,(pV^<j> is a kinetic term of (j> (V^ is 
the covariant derivative operator associated with gp^), 
and J^{R, (j), X, Q) is an arbitrary function in terms of i?, 
0, X and Q. The scalar field is a gravitational partner, 
e.g., a dilaton, in the case of string theories. 

From the action in Eq. ^ , the gravitational field equa- 



tion and the equation of motion for (j) are derived as 

[Rpu - \Rgp.^ = .c^T^--"") + i^p, {T - T^rR) 

+ { — '2RRpu + ^RppRv'^ — "^-Rp'"^ Rypar 

+Ag"''g^"R^a..f3Rp.):F,Q + 2 {Vp^.Tg) R 

-2g^, [UT^g) i? + 4 {UT.g) R^, - 4 (VpV^.f,e) i?," 

-4 (VpV,.F,e) i?/ + 4g^, (VpV,.F,g) RP^ 

-4(VpV,.F,g)g"V"i?Ma./3, 

1 



where we have used the following expressions: 

dT{R,4>,x,g) ^ _dT{R,(j},x,g) 



(7) 
(8) 



dR 

dT[R, (t>,x,g) 



dX 

dT{R, (f>,X,g) 



(9) 



Here, □ = g^^^ p^ u is the covariant d'Alembertian for a 
scalar field and j'^'"^**'"') jg contribution to the energy- 
momentum tensor from all ordinary matters. 

Hereafter, we investigate four explicit examples of 
modified gravity theories. 

(i) F{R)-gravity 
From the action 



mattcrj ; 



we obtain 



and 



SPP^^R..^^ 



2 

R'^'F'iR) 



(10) 

(11) 

(12) 
(13) 



Here and in what follows, the prime denotes differentia- 
tion with respect to the argument of the function F as 
F'(R) = dF{R) / dR. On the other hand, the equation in 
F(i?)-gravity, corresponding to the Einstein equation, is 
given by 



1 



= ^9p.F{R) - Rp,F'(R) + V^V,F'(i?) 
^g^,UF'{R) + ir^r"'^'-) . 



(14) 



^ The equations of motion for F(R)-gravity in Q were derived 
by using nonequilibrium thermodynamics, while in Q they were 
examined in equilibrium thermodynamics with the idea of "local- 
boost-invariance" [l8l |. In the present paper, however, we apply 
the generalization of the Jacobson's derivation proposed in [3| to 
F{_R)- gravity. 



By comparing Eq. (fT4l) with Eq. ([5]) and using Eqs. ((T2 
and ifTSl). we find 



rp rTi(mattci) 

^ pu — pi, 



-FiR). 



(15) 
(16) 
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(ii) Scalar- Gauss-Bonnet gravity 

The action is given by 



R 



(17) 



where 7 = ±1. If is a canonical scalar field, 7 = 1. 
On the other hand, if the GB invariant is not included, 
(j> behaves as a phantom scalar field only when 7 = — 1. 
Moreover, ¥{(/)) is the potential and /(</>) is an appropri- 
ate function of 4>. For this theory, we find 



1 



4^2 

+/(</>) {(5'^"/''- 3'^ 

-2 {gP'^RP" - gP-'R'"' - g^"" RP" + g^" RP") 
+2R^'P'"'], (18) 



and 



y^^MP- = V,/(0){(.g^^.g'"^ - g^'^g'^P) R 

-2 [gP'^RP'' - gP'^Rt"' - gP-" RP") + 2RPP''"} 

-2 {yPRP" - gP^V^RP" - yPRP" + gP^V^RP") 
+2\/aR'"""'}. (19) 

From the Bianchi identity: 



— Vu-RiypCTT + ^uR' 



we have several identities: 



^oRu 



(20) 



"^"Rprt^u = ^^.R.r - V,i?^, , WPRp^, = - V^i? . (21) 

We see that the terms multiplied by /(0) (without Vcr) 
cancel with each other and we get 

VaSPP"" = Va/((/)){(5^"/" - g^^g"") R 

-2 {gP^RP"" - gP^RP" - gP" RP") + 2RPP'"'} . (22) 

Similarly, we find 

V^V^SPP''^ = V^V,/(0){(g'"'5''" - S""?"") R 

-2 {gP^RP" - gP^RP" - gP" RP") + 2RPP''"} , (23) 

and 

S'^'^'^R^/J = ^i?'^" + /(0){2i?-'i?-4i?/;'i?^'^ 



-AR^RP" + 2R^p'JRPP'"'} 



(24) 



In four dimensions, we have the following non-trivial 
identity: 



— -j^g^-vQ — 2RRfj,u + 4:R^pR^P — 2R^P'^'^ R^p^r 



^ig^^Pg^^R^o^.lsRp 



(25) 



We can rewrite Eq. (|24|) as 

1 



2^2 



-g 



(26) 



Now by comparing Eq. ^ with the equation in the 
scalar-Gauss-Bonnet gravity corresponding to the Ein- 
stein equation: 

r^j/ = (^p,v ^ 2^^P'^ 

-7 {df,(j)d^(l) - ]^gt,udp(t>dP(t>^ + gt,uV{4>) 

-4 {V^yufm R + 4g^. (0/(0)) R - 8 (□/(<^)) i?^. 
+8 (V,V^/(0)) i?," 8 (VpV,/(0)) i?/ 
-8ff^. (VpV,/(0))i?''" 

+8(VpV./(0))g"V"i?M-/3, 



(27) 



we get 



2k 



(28) 
(29) 



(iii) F{g)- gravity 
In the so-called F(tJ)-gravity [l^, the action is given 

by 

" R 
2i? 



-g 



2 ' F{g) + c 

matter 



(30) 



[g^'g"" - g^^g"") 



In this case, we find 

^ ~ 4^2 

+F'{g){{gP'^gP'^ ^g-^g- 
_2 {gP'^RP'' - gP'^RP'^ - gP'^ RP'' + gP'' RP'') 
+2RPP'"'] , (31) 

where F' [Q) = dF{Q)/dQ. By repeating the calculations 
similar to Eqs. (fT9)) - i[26|) . we obtain 



VpW^SPP'"' = Vp^.F'{g){{gP''gP" ^gP^g''P)R 
-2 {gP^RP"" - gP^RP" - gP" RP") + 2RPP''"} , (32) 
1 



2k^ ^ 2 ^ 



(33) 



The equation of motion corresponding to the Einstein 
equation is given by 

^(rnattcr) ^ J_ (^j^^^ 1 ^^^^^ _ ^p^g^ _ ^^,(^)) 

-4 (V^V,^^'(g)) R + 4(7^, (□i^'(a)) 

-8 {UF'{g)) Rp, + 8 {^p^pF'{g)) R,P 

+8 (VpV,F'(e)) i?/ ~ %gp, {VpV.F'iG)) RP" 

+8 [VpV^F'iG)) g'^Pg^^Rp^.p . (34) 
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Table I: Explicit expressions of V pS^""'' ^ S^''^" R^^p" and $ in Eq. ^ for four modified gravity theories: (i) F(i?)-gravity, 
(ii) the scalar-Gauss-Bonnet gravity, (iii) F(C/)-gravity and (iv) the non-local gravity. 

m^ry V^Vpg^""^ g^P^'E^p^ ^ 

' F(J?)-gravity i (V" V" - ff^'D) R'"F'{R) 

(ii) Scalar-Gauss-Bonnet gravity V^. Vp/(0){ (<?'"'(7"'' - ff^".?"") i? a^-R"" + ^^ff"" ^ - f{4>)Q 

-2 (g""/?"" - g'^'R'"' - p^^i?"") 
4-27?""""} 

(iii) F(g)-gravity V^VpF'(e){(5^'^3'^^ - S^^ff"^") R ^R"- + ^^g^" - F{g) 

-2 (g'^i?^" - p^'i?^" - 5"" J?"") 
-^27?""""} 

(iv) Non-local gravity ^ (VV^ - g'^^U) (/(^) - ^) ^ (l + /(^) - c) i?"'^ 2^ (l + /(^) - C) 



By using Eqs. l(32|) and l|33|) and comparing Eq. 
Eq. ([Ml), we find 



rp Tn(matter) 



with 

(35) 
(36) 



(iv) Non-local gravity 
We now consider the non-local gravity [20l . [2l] | 

/ = Jd'^X^i^^R (1 + /(D^^i?)) + Anattcrj • 

(37) 

Here, / is an appropriate function in terms of its argu- 
ment. The above action can be rewritten by introducing 
two scalar fields Lp and ^ in the following form (2l| : 



which leads to 
1 



(38) 



s^"""" = ^ ( 1 + ./(^) - e ) (.g'^^.g"'^ - g^'^a'"') , (39) 



and 



1 

1 
2^ 



[^-^P ^g-PU)[!y)-i] , (40) 

(41) 



2 vl + ZM-eji?"" 



The equation of motion corresponding to the Einstein 
equation is given by 



Y^(mattcr) 

Ml' ~ ^2 



l + /(^)-e 



(ffMi'D-V^.V.) /(^)-e 



(42) 



By using Eqs. l(40|) and (|4T|) and comparing Eq. ([5]) with 
Eq. {421), we find 



R 
2^ 



(43) 
(44) 



We should note that there is an ambiguity in the sepa- 
ration into Tp_u part and $ part. For example, instead of 
Eqs. (|43l) and (|44l) . we may choose 

= T^;r''"'^ + 1^ {d,id,^ + dpipd^o , (45) 



_R 

2k 



(46) 



Here, the last term in Eq. I|43|) has been included in the 
definition of $. 

Prom the analysis of the above four modified gravity 
theories, it is clear that we have derived explicit expres- 
sions of \/f,WpS'"'''P, SPP'^'R^p!; and $ in Eq. ^. The 
results are summarized in Table HI A general expres- 
sion for <i> can be expressed as the linear combination 
of R/ (2k^), which is the Lagrangian describing general 
relativity, and the Lagrangian of gravity £gravity as 



^ R ^ 

9 = Cl —7^ + C2£gravity , 



(47) 



where ci and C2 are constants. For (i) F(i?) -gravity, 
ci = 0, C2 = — 1 and £gravity = FiR)- For (ii) the scalar- 
Gauss-Bonnet gravity, ci = 2, C2 = — 1 and ^gravity = 
R/ (2^2) 4-/(0)5. For (iii) F(5)-gravity, ci - 2, C2 = -1 
and ^gravity = R/ (2^^) -|- F{g). For (iv) the non-local 
gravity, if we use the expression in Eq. (|44|) . we find 

Ci = 0, C2 = 1 and £g,.avity = [R/ (2^2)] (l + /(^) - ^) . 

If we use Eq. (|46)l instead of Eq. l(44l) , we obtain £gravity — 

[R/ (2^2)] (l + f{ip) - - dpidPip, which is nothing 

but the gravity part of the action in Eq. l(38|) . 

Thus, we have reinforced the generalization [§| in modi- 
fied gravity theories of the Jacobson's proposal to express 
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the Einstein equation as a thermodynamic equation of 
state in general relativity with our analysis. Our results 
could support the idea that gravitation on a macroscopic 
scale is a manifestation of the thermodynamics of the 
vacuum state of quantum field theory 

Between Eqs. (|43H44|) and Eqs. l|45H46p . we have find 
the ambiguity to define Tf^^. As we see now, this could 
be a result from the ambiguity when we consider the 
thermodynamics in the extended gravities. In general, 
any gravity equation can be written as 

ry-T(matter) , ryn(modiiicd gravity) f f? 

'(48) 

Hence, if we include the contribution from 
which comes from the modifica- 



T, 



(modified gravity) 



tion of the Einstein gravity, to the definition of the 
energy flux (heat), the usual area law of the entropy is 
not modifled but the entropy includes the contribution 
from the (modified) gravity. On the other hand, we may 
write Eq. (gHJ) as 



rTi(mattcr) ^ ( /? 2. T} n \ -U /^ii^odificd gravity 



/^modified gravity 



_Tn(modificd gravity) 



(49) 



If we consider the contribution only from matter to the 
definition of the energy fiux (heat), in general the entropy 
S will be expressed by a function of the area A as S" = 
h{A), where h{A) is an appropriate (not always linear) 
function in terms of A and it may include the parameters 
coming from the modified gravity and/or curvatures, etc. 
Furthermore, there might be a mixture of Eqs. l(48|) and 
(1491) like 



r7n(mattcr) > 'yi(modificd gravity) ^ f P ^ 



(/^modified gravity 



/^modified gravity rTi(modificd gravity) 

/^modified gravity rTn(modificd gravity) 



(50) 



Thus, the entropy contains the contribution not only 
from the matter but from the modified gravity partially, 
and the expression of the entropy could be modified from 
the Einstein gravity. This may tell that when we discuss 
the entropy, we may clarify the contribution to the en- 
tropy is purely from the matter or partially from (modi- 
fied) gravity. Then especially in case that the theory in- 
cludes the scalar field(s), we cannot always apply Wald's 
formula in Eq. ([3]) so naively. 

In conclusion, we have explicitly illustrated that the 
equations of motion for modified gravity theories, in par- 
ticular F(i?)-gravity, the scalar-Gauss-Bonnet gravity, 
F(f/)-gravity and the non-local gravity, are equivalent 
to the Clausius relation in thermodynamics. In modi- 
fied gravity theories, whether we include the contribution 
from the matter with or without the modified gravity to 
the definition of the energy flux (heat) is crucial to the 
expression of the entropy. This point is closely related 
to the discussion in [22| where it shows that it is pos- 
sible to obtain a picture of equilibrium thermodynamics 
on the apparent horizon in the expanding cosmological 
background for a wide class of modified gravity theories 
due to a suitable definition of an energy momentum ten- 
sor of the component from modified gravity that respects 
to a local energy conservation. 
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